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Ly Marcinkiewicz-Zygmund (MZ) inequalities

Definition [Marcinkiewicz, Zygmund 1937]

Let Q beadomain,
/@ measure on 2,
Ly = Ly (9, ) the space of square-integrable functions, and
F an m-dimensional function space.

Points z1,...,x, € Qand weights wy, ..., w, > Ofulfillan Ls MZ inequality with
constants0 < (1 —¢) < (1 +¢) < oo, iff

L=9IfIZ, <D _wilf@)? <A +e)llfllf, VfeF. (M2)
=1

Required number of points in MZ inequalitites 1 felixbartel.github.io



pointgridind = 3

-€=0andn=m
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Known upper bounds

—-— Christoffel sampling

[Cohen, Davenport, Leviatan 2017]

6m logm
-

-=-= BSS subsampling
[B., Schéfer, T. Ullrich 2023]

141 —¢2 5m
m——— | <

n= —
1-v1-¢2| = £

—— Carathéodory subsampling
[B., Kimmerer, Pozharska, Schafer, T. Ullrich 2025],
[Schéfer, T. Ullrich 2025]

n:m2
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upper bounds for
dim(F) = m = 998
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Nonuniform weighting is necessary

Exam P le [Chkifa, Dolbeault, Krieg, M. Ullrich 2026]

Let Q={0,1}, u({0})=0d€(0,1), andu({1}) =1 -9,
f:{f:Q—>R}and0§s<1.

Assuming points x1, . .., z, and a uniform scaling w > 0 exist with
1 -e)lfll7, < wZIf z)? < (1+o)llfIF, VfeF.
=1
We have

e < limplies at least one x; = 0.
f = 140y and upper MZ inequality implies w < w[{i : x; = 0}| < (1 +¢)J.
f = 1and lower MZ inequality implies (1 — ¢) < wn
Thus,
1—¢e1

n_ﬁg%oo for 6 — 0.
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Dimension argument

\\’
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N m2
\ S
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- Sae e —-— Christoffel sampling
TNeel -== BSSsubsampling
DA —— Carathéodory subsampling
m —— dimension argument
0 0.5 1

number of points for Ly MZ inequalities with constants 1 —cand 1+ ¢
for dim(F) = m = 998

Required number of points in MZ inequalitites 6 felixbartel.github.io



Strategy

Goal: Construct hard to discretize function space F on 2 with measure p.

In other words, forn € IN and arbitrary z1, ..., 2, € Q,w1,...,w, > 0satisfying
(L= fl7, <Y wilf@)> < +e)lfll, VieF (M2
i=1

we prove a lower bound on ¢ in terms of n.
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Maximal ETFs and Singer ETFs

Corollary (maximal ETFs) (B 2026]

Suppose that a maximal ETF (N = m?) exists in C™. Any set of n points and
weights satisfying (MZ) on Fg obeys
m?(1 — %)

n >
— 1+ me?

"N 9 —-= Christoffel sampling

-== BSSsubsampling
1+\/1—52W < 5m

1—v1—¢2

So TS — Carathéodory subsampling

~a - 2

- m n=m

n:{m <%

A —— dimension argument
0 0.5 1 === maximal ETF construction
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Maximal ETFs and Singer ETFs

Corollary (maximal ETFs) (B 2026]

Suppose that a maximal ETF (N = m?) exists in C™. Any set of n points and
weights satisfying (MZ) on F3 obeys

m2(1 — £2)
n>————=
~— 14+ me?
Zauner’s conjecture [Zauner 1999]
Maximal ETFs exist in every dimension.
Corollary (Singer ETFs) (B 2026]

Let m — 1 be a prime power and ® be the Singer ETF (N = m? — m + 1). Any set of
n points and weights satisfying (MZ) on Fg obeys
2 _ 2
N (m*—=m+1)(1—-¢)
= 14 (m—1)e?
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5——4

complete graph on 7 nodes
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Graph-based lower bound

Theorem [B 2026]
u—_Cv . V

The vectors { €72+ : {u, v} € (%)} form a UNTF for 1ﬁ/| c RIVI,

The centered-projector Gram matrix G i has eigenvalue zero on 1, and, on 1%,

14

1 _
with multiplicity [V| — 1 and 5 with multiplicity |V|(V2|3)

Consequently, yx = 3 for [V| > 4.

Corollary B 2026]

Letm = |V| — 1. Any set of n points and weights satisfying (MZ) on Fx obeys

m(m + 1)(1 — &2)
2(1 + me?)
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All bounds in one picture

—-— Christoffel sampling

(IRN 6m10gm-‘
", n =
\\ \\. m2 " =2
\' ~. .
NN e --= BSSsubsampling
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Y So ~— — 1+v/1—€2 < 5m
= St " {ml_m = e
.\-\s ~\~~ —_— e .
SN Carathéodory subsampling
o m n=m?
~, ™
NN
NS . .
- — dimension argument

=== maximal ETF construction
. . oy . 2(1—82) m2—m _e2?
number of points for Ly MZ inequalities with n> m1+m€2 > | 1+(Wﬁ>l()1s2 )
constants1 —eand 1 + ¢ for .
. —-= graph construction
dlm(F) = m = 998 > m(m+1)(17€2)
" Z A me?)
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