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Lower bounds
z

When n < m, there exists f € V s.t. ||f||z, # 0
but f(z;) = --- = f(x,) = 0. As (MZ) requires
1 —e > 0, this gives the lower bound

ETF construction [WIP]

Lo MZ inequalities

Let e ) be domain with measure ,
o Ly = Ls(€), u) Lebesgue space, and
e V an m-dimensional function space.

Points z1,...,x, and weights wy,...,w, > 0

are said to fulfill an FERVAEGEA with con-

stants 0 < 1—e < 1+¢, iffforall f eV

1= IfllE, < Xl f @)l < (o)l fI,. M2

Let o {yi}gf;m“ C C™ be as in (PG),
e O={1,...,m*—m+1},
e 1 the counting measure, and

Two examples on T
0 0.5 1 3 A
Equispaced point grid — Christoffel sampling — dimension argument o V= spaniiefiy wit |

g ; --- BSS subsampling --- ETF construction
Let o Ly = Ly(T" dx), £ € 2N, n = { --- Carathéodory subsampling For points zy, ..., x, and weights wy,...,w, > 0

o [={-L .. i— 1}d cube of frequencies, fulfilling (MZ), it holds

9 )
o V = span{exp(27i(k, -)) }rer. Connection to frames

Then for n = |I]| (MZ) holds
with ¢ = 0 and w; = = for
1

X ={ iie{l,....00

Let  {ny,...,n,} be ONB of V,
o y' = (m(x))fL, , and

o =" am-

o The construction
By Parseval’s identity, (MZ) becomes

(1-9)lal} < L willa.y) < (+ealf  EMESIMEEIEEES

i=1 .
Rank-1 lattice and Vf € V becomes Va € C". Let e m — 1 be a prime power,

o N =m?—m+ 1.

_ d
Let o Ly = Lo(T% dz), } ) | 1938 James Singer came up with a construction
o [ C[—|1|/2,]I]/2]¢ C Z“, symmetric Upper bounds for (N,m,1) e, ie, D C Z/NZ

o V' = span{exp(2mi(k, -)) fker. with |D| = m such that
Then for some || < n < |I]? ++7+ ++ ++W {i—j:i#jeDy={2Z/NZ} \{0}.
(MZ) ?olds with e = 0 and +++ +++++++ ++++ ++ | Let « {771_,.-(-1. ,nmi ble ONB|of(V),|2 } ] E.g. {0,2,12,15,16} for m =5 and N = 21.
w; = + for the rank-1 lattice oz Lld. wrt S350 ne(2)|” dp, an
x {z 1 } | ++++ ++ ++++ ++++++ o wi = m(ZjLy [me(z)[?) Equiangular tight frames (ETFs)
— nZ Ao y ¢ =41 f 4, + f + + | + For € > () (MZ) holds with A frame {yi}Nl c KV is called ( \/5)
— (1.2 /=

1
= 20 2
equiangular l \

. . - (1,0
. N (' y')] = const i) o
matrix concentration inequalities 1
20 2

Using a Singer difference set, an ETF construc-

fion is oi h
The BSS algorithm yields points and weights s.t. on glvenl d

e born in Cimoszka, Poland

for ¢ > 0 (MZ) holds with ) = —( exp(2mijk/N c C" PG
e student of Zygmund - (MZ) J \/ﬁ( p(2mijk/ )>/~cED (PG)
e joint army during German invasion forje{l,...,N=m"—m+1}.

o taken as POW during Soviet invasion Welch bound

e believed to be murdered by the incremental picking of points and
NKVD in Kharkiv weights whilst controlling the frame bounds

For a unit-norm frame, the following is true

Antoni Zygmund (1900-1992) poi=ma [y )| 2 \'m(n—1)
Equality only holds for ETFs and implies n < m?.

e born in Warsaw, Poland There exist points and weights s.t. (MZ) holds
o emigrated to the US in 1940 with e = 0 and Zauner’s conjecture

e until 1945 Mount Holyoke College

o The existence of maximal (n = m?) ETFs was

e until 1947 UmverSIty of Pennsylvama transferring to mxm Hermitian matrices Conjectured 1999 by Gerhard Zauner.
e finally at University of Chicago to use Carathéodory’s theorem on convex cones o Constructions known for 115 values of m.
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