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Worst-case setting

Given:
Ly = Ly(T?, da)
class of functions F'

Goal: find
points X = {z!,..., "} c T¢
efficient algorithm SX

with small worst-case error

sup || f — 5% f|z,
fer
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special cases include:

© vy = 1 (unweighted) Sobolev spaces of dominating mixed smoothness
© Y = [[;e,7; product weights

© = I}, order-dependent weights

© 7 = I}y [1;eq 75 POD weights

C = 2neqt, ol D Tljew 5.0, SPOD weights
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hyperbolic cross frequency index set
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Algorithms

Least squares approximation

samples X C T¢, f(x) € C
frequencies B C Z¢

input:

method: V' :=span{exp(2ni(h, -)) }nhen
SEf —argmmZLf — g(=")?
gGV i=1
= 3" dnexp(2ri(h, )
heB

computation: g = (L*L)"'L*f with

L = [exp(2mi(h, ®"))|ic(1,.. .n}.heB
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Kernel method

samples X C T¢, f(x) € C
kernel K : T4 x T¢ — C

input:

method:
kerf Z a; K(-,x

with a = K~ 'f and

K = [K(z',2")]; jeq,..n)

feature: given points X, this method
has the best worst-case error
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Theorem [Kammerer, Potts, Volkmer 2015]

reconstructing property
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Points

Theorem [Kammerer, Potts, Volkmer 2015] Theorem [Cools, Kuo, Nuyens, Sloan 2020]

Constructing z by CBC fulfilling the Constructing z by CBC minimizing
reconstructing property 1

1
§2) =D Ty 2 v

(h,z) #n (€,2) Vh#LEB hezd '\ eeza\{o}
(,2)=r0
yields for smoothnessa>1/2ande>0 yields for smoothnessa>1/2ande >0
—a/2+e —«
sup ||f — S5 fllz. S o/ sup ||f — SX fllz, Sn
I Fllz<1 £l <1
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Points

Theorem [Kammerer, Potts, Volkmer 2015] Theorem [Cools, Kuo, Nuyens, Sloan 2020]

Constructing z by CBC fulfilling the Constructing z by CBC minimizing
reconstructing property 1

1
§2) =D Ty 2 v

(h,z) #n (€,2) Vh#LEB hezd '\ eeza\{o}
(,2)=r0
yields for smoothnessa>1/2ande>0 yields for smoothnessa>1/2ande >0
—a/2+e —
sup I~ SE lp, < BRUBE . sup [1f = SX fllia S
I fllm<1 £l <1
Theorem [Byrenheid, Kdmmerer, T. Ullrich, Volkmer 2017]

Any algorithm using lattice points satisfies

sup ||f — SXf|r, Zn o
Ifllz<1
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« there is a logarithmic gap, which was closed by
[Nagel, Schéfer, T. Ullrich 2022], [Dolbeault, Krieg, M. Ullrich 2022],
[B, Schéfer, T. Ullrich 2023]

= no fast algorithm due to lack of structure

random points
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Subsampled rank-1 lattices

1
initial rank-1 lattice X
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2

randomly subsampled X 5
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< initial rank-1 lattice X = {%z mod 1}72} with O(nlog n) algorithm

< small pointset X; = {£z mod 1}4e; C X

< with |J| ~ y/nlogn the naive and FFT-approach have the same arithmetic cost
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Theorem [B, Kdmmerer, Potts, T. Ullrich 2022]
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Theoretical guarantees

Theorem

[B, Kimmerer, Potts, T. Ullrich 2022]

For unweighted Korobov spaces with
a>1/2thereis a subsampled lattice X ;
with

sup ||f Sg? Ly S 11
Ifller <

—a(log ‘Jl)(d—l)a+1/2

and initial lattice size

2
n ~ |J| 1—1/(2a) |

Note, rate |J| "¢ impliesn > |J|

B, Gilbert, Kuo, Sloan

I llE<1

2_&

Theorem [B, Gilbert, Kuo, Sloan 2025]

For Korobov spaces with a > 1/2 there
is a subsampled lattice X ;y withe > 0

J —a+te
sup 1F-53 1l S (o)

and initial lattice size

(lo|gJ||J|> m'
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First numerical experiment

example functionind = 2

3/4 d
fx) = (Zﬁ)djl_[lmax{o, L (xj

f has smoothness 3/2 — ¢
rank-1 lattice from [Gilbert, Sloan WIP]

least-squares approximation and kernel method

full and subsampled rank-1 lattice
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First numerical experiment

kink functiond = 2

100 T T T T T3
1 & (n, ¥/Sa(2) n=0AT
10! E = (n,|If = SFfllLy) n=0-70
10-2 ] —A— (n,|If — AZ fllL,) ntOt
a=1
10—3
104
10-5
10—6 | L |
102 104 108 108

number of points

[Kaarnioja, Sloan 2025] on doubling the rate
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First numerical experiment

kink functiond = 2

10° T y T y T3
1@ (n,V/Sn(2) n=0-47
_ 1 ] _
107t = (n,|If = SE fllL,) 070
—A— (n,||f — AZ fllL,) —Lot

—0.93

)—1,37
)—1.47

O (lJl. /5. () (sl
O (L IF - 5% flee) (i
( |J

A (1S = AG flls)

Q
I
-

10-5

106
102 10 106 108

number of points

B, Gilbert, Kuo, Sloan 11 maths.unsw.edu.au/~fbartel



Second numerical experiment

analytic example function in d = 100

d
f(z) = a(x) = 1+% Zj‘“ sin(2mz;) 2

=1

\\\\\\\\\\\\
A \\\k\\\\QQ\\QQ\\Q&\“:\\
/ W

rank-1 lattice from [Gilbert, Sloan wip] 1 ¢
least-squares approximation and kernel method o)
full and subsampled rank-1 lattice
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Second numerical experiment

reciprocal functiond = 100,¢ = 2.5
. , . , .
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Second numerical experiment

reciprocal functiond = 100,¢ = 2.5
100 g

1

- (n, {/5.(2)) n=0:9
= (I =S¥ fllL,) a0
A (0, ] — AESlpy) a0
O (1. Y5 =) (o )076
O (LI - SK ) ()
(w1

—1.02
A (ILIF - A% flzy) (52)

S

101

40‘1

a=2

104

102 104 108

number of points

B, Gilbert, Kuo, Sloan 13 maths.unsw.edu.au/~fbartel



Second numerical experiment

f(x) takes Os

10° g

Lo-error

10~4
10—2
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Second numerical experiment

f(x) takes Os

La-error

10~4

f(x) takes 0.1s
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B, Gilbert, Kuo, Sloan

time in seconds

14

—
=)
~

—— SXf
-V Aie(rf
o SE7f(LFFT)

v AXI f(FFT)

ker

maths.unsw.edu.au/~fbartel



Conclusion

we propose a random subsampling procedure for rank-1 lattices
achieving near optimal sampling complexity
making it possible to utilize FFT algorithms
with minimal initial rank-1 lattice size

[B, Gilbert, Kuo, Sloan] on arXiv:2506.07729
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