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Task
Unknown function: f : Td → C
Given:
▶ X = {x1, . . . , xM} ⊂ Td

▶ y = (f (xj))M
j=1 ∈ CM

Goal: find f̃ ≈ f

Ansatz: determine
▶ B ∈ N, I ⊂ Zd, |I| = B
▶ f̂k, k ∈ I

such that f̃ :=
∑
k∈I

f̂ke2πi⟨k,·⟩ ≈ f

f (x1, x2) = b6(x1)b2(x2) with
bj the cardinal B-Spline of order j
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Lemma
▶ N = (N1, . . . , Nd) ∈ (2N)d

▶ IN :=×d

j=1
[−Nj/2, Nj/2) ∩ Zd, i.e. width Nj in the dimension j

▶ f in the anisotropic Sobolev spaces Hs1,...,sd with
Hs1,...,sd := {f ∈ L2 | Dαf ∈ L2 for α ∈ Nd

0 with
∑d

j=1 αj/sj ≤ 1}
Then

sup
∥f∥Hs1,...,sd≤1

∥f − PINf∥2
L2

=
(

max
{

1,
(N1

2

)s1
, . . . ,

(Nd

2

)sd
})−2

.

Example
frequency cubes IN

with Nj = d
√

B, |IN| = B

sup
∥f∥Hs1,...,sd≤1

∥f − PINf∥2
L2

∼ B−2 min{s1,...,sd}
d

optimal frequency boxes IN∗

with N∗
j = B

1/sj
1/s1+···+1/sd , |IN∗| = B

sup
∥f∥Hs1,...,sd≤1

∥f − PIN∗f∥2
L2

∼ B
− 2

1/s1+···+1/sd

For f (x1, x2) = b6(x1)b2(x2) with the smoothness s1 = 11
2 and s2 = 3

2 it follows
∥f − PINf∥2

L2
≲ B−3

2 ∥f − PIN∗f∥2
L2
≲ B−33

14 ≲ B−2.357.
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How to find the smoothness s1, . . . , sd?
Example: d = 2, find smoothness s1∥∥∥f − PI(n,N2)f

∥∥∥
2

L2
=
∥∥∥
∑

k/∈I(n,N2)

ck(f )
∥∥∥

2

L2
=

∑

k/∈I(n,N2)

|ck(f )|2

=
∑

k1∈Z
|k2|>N2

|ck(f )|2 +
∑

|k1|>n
|k2|≤N2

|ck(f )|2 ≲ A + C1n
−2s1

︸ ︷︷ ︸
⋆

2n

2N
2I(n,N2)

··
·

··
·

· · ·· · ·

n

A
+

C
n
−
2
s
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∥ ∥ ∥f
−
f̃
∥ ∥ ∥2 2

f(x1, x2) = b6(x1)b2(x2)

squares
boxes

0.7
(

x
log(x)

)−3/2

2.5
(

x
log(x)

)−33/14
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ANOVA approximation
f =

∑

u∈P([d])

fu

fu =
∑

k∈Zd

supp k=u

ck(f )e2πi⟨k,·⟩

ck(f ) = ⟨f, e2πi⟨k,·⟩⟩L2

⇝ f ≈
∑

u∈U

fu

fu =
∑

k∈Zd

supp k=u

ck(f )e2πi⟨k,·⟩

ck(f ) = ⟨f, e2πi⟨k,·⟩⟩L2

⇝ f ≈
∑

u∈U

fu

fu ≈
∑

k∈ĨNu

ck(f )e2πi⟨k,·⟩

ck(f ) = ⟨f, e2πi⟨k,·⟩⟩L2

⇝ f ≈
∑

u∈U

fu

fu ≈
∑

k∈ĨNu

f̂ke2πi⟨k,·⟩

f̂k ≈ ck(f ) = ⟨f, e2πi⟨k,·⟩⟩L2

ANOVA decomposition
We define the ANOVA terms [2]

fu :=
∑

k∈Zd

supp k=u

ck(f )e2πi⟨k,·⟩

for u ⊂ {1, . . . , d} ⇒
∑

u∈P([d])
fu.

f ∈ Hs1,...,sd ⇒ fu ∈ H
su1,...,su|u|

ANOVA truncation
f ≈ f∅
+ f{1} + f{2} + . . . + f{d}
+ f{1,2} + f{1,3} + . . . + f{d−1,d}
+ f{1,2,3} + f{1,2,4} + . . . + f{d−2,d−1,d}
+ f{1,2,3,4} + . . . + f{d−3,d−2,d−1,d}

··
·

+ f{1,2,...,d}

Frequency truncation [3] Least squares (⋆⋆)
min

∥∥(f̃ (xj) − f (xj))d
j=1
∥∥2

2

=
∥∥∥∥
(

ϕk1(x1) · · · ϕkB
(x1)

··
· · · · ··
·

ϕk1(xM) · · · ϕkB
(xM)

)

︸ ︷︷ ︸
=:A∈CM×B, M≥B

(
f̂k1

··
·

f̂kB

)

︸ ︷︷ ︸
∈CB

−
(

y1

··
·

yM

)

︸ ︷︷ ︸
∈CM

∥∥∥∥
2

2

with I = {k1, . . . , kB}, ϕk = e2πi⟨k,·⟩

B ∼ M log(M) ⇒ A has a good
condition number [1]
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Theorem (BARTEL and SCHRÖTER ’24)
▶ B ∈ N
▶ U ⊆ P({1, . . . , d})
▶ Cu,j > 0 and su,j > 0 with j ∈ u from ⋆ for u ∈ U

Then
min

N
∥f − PINf∥2

L2

s.t. |IN| = B

⇐⇒ min
N

∑

u∈U

∑

j∈u
Cu,jN

−2su,j

u,j

s.t.
∑

u∈U

∏

j∈u
Nu,j = B.

(⋆⋆⋆)

We can solve optimisation problem (⋆⋆⋆).

Numerics
Algorithm:

1. set initial I
2. get f̂ using (⋆⋆)
3. solve (⋆⋆⋆) to

update I
4. get f̂ using (⋆⋆)
5. repeat 3.& 4. to

improve I

Example:
f : T9 → C
f (x) = b2(x1)b4(x3)b6(x8)

+b2(x2)b4(x5)b6(x6)
+b2(x4)b4(x7)b6(x9)

M = 10000 points
B = 6730 frequencies cubes

(naive)
boxes

(improved)

5.5 · 10−3

6 · 10−3

6.5 · 10−3

7 · 10−3

1.35 · 10−2

1.4 · 10−2

1.45 · 10−2

1.5 · 10−2
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