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Statistical learning

Given:
o /T —C
® X ={z1,...,zn} C T uniformly random
* y=(f(z1)+er,..., flzn) + &) with
® E(g) =0 and E(|g;]?) =

Goal: reconstruction g: T — C with small error

— f
I =gl = [ 150) = g(@)* da .l
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Least Squares approximation

Least squares approximation

The least squares approximation is given by

n
SXy = argminz lys — g()|?
9€Vm i

szspan{exp(%rik-), k=—— ...,——1}.
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Least Squares approximation

Implementation

We use the series expansion

m/2—1
Sxy= Y grexp(2mik-) with §=(L*L)"'L*y
k=—m/2
where
exp(2mi(—5)z1) ... exp(2mi(F —1)z1)
L= - e nxm
exp(27i(—"§)zn) ... exp(27i(F — 1)zy,)
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Numerical example

e approximation of By from n = 30 points and noise level o2 = 0.01

m =2

s

I = Smylz, = 013943

m=7 m = 29
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I = SXyll3, = 0.00313

If = SXyll3, = 10.3526
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Least Squares approximation

Theorem [B. '23]
Lete /- T — C,

e X ={x1,...,2,} C T uniformly random,
oy =(f(z1)+e1,...,f(@n) +en)' with E(g;) = 0 and E(|&;]?) = o2,
e m S m, and

o Py f=argmin,y || —gll},.

Then we have with probability exceeding 1 — 3/n

X m
I1f = SXulR, SIf = Pafl}, +0°2.
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Optimal rates

o for || f — PufllL, S m~*, we have the error behavior

If = SXyl}, S m=> + 022
e this yields the optimal number of frequencies
m* ~ nE
and the optimal error

2
If — SE.yll3, Snoz

~

Lo-error

T

N
IRNNEEETI

m

error behavior for fixed n
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Cross validation

Purely data-driven method for approximating the Lo-error:

® validation set

validation training
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Cross validation

Purely data-driven method for approximating the Lo-error:
e validation set

® "Probably the simplest and most widely used method for estimation prediction
error is cross-validation.” [Hastie '01]

validation training
training validation training
training validation training
training validation training
training validation
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Cross validation [Stone '74]

@ compute reconstructions Sr),f‘iy_i omitting ¢-th sample

@® evaluate residual of Sy)rf’iy,i in i-th point z; .}j\ﬁ\

2 o 3

(S y-)(@) — i

© calculate mean value with respect to all points

CV(S Z } i) (i) — yi

2
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Numerical example

e approximation of By from n = 30 points and noise level 02 = 0.01

m =2 m=7 m = 29
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N \
If = SxXyl7, =0.13943 If = SXyl7, = 0.00343 If = Smyll7, = 10.3526

CV(SXy) =0.12856 CV(SXy) =0.01160 CV(8Xy) =1.6295-10°
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Cross validation — theoretical foundation

Lete f: T — C,
e X ={x1,...,2,} C T uniformly random,
ey = (f(z1) +e1,---, f(zn) +en)" with E(g;) =0 and E(|e;|?) = o2

Then
Exy (CV(SEY)) = Exoygms (If = S3 9], + 0%
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Cross validation — theoretical foundation

Theorem [B. 23]

Let ',..., 2" be drawn uniformly random with m < m.
Then we have with probability exceeding 1 — 8/y/n

m3logn
I = sX=yl, - CV(SXy) + 02| S/ 7.

1
In particular, when || f — Prf||z, S m™* this gives m* ~ n2s+1 and

‘Hf SXy|2, — CV(SX.y) +0° ‘5,{7\/@
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Cross validation — fast computation

e [Golub, Heath, Whaba '79]: for h;; = (L(L*L)"1L*);;,

: 2
(Sxy) (@) —ui
1 —hig

1 n
CV(Smy) =—>
i=1

e [Tasche, Weyrich '96]: for the full tensor grid of frequencies and points
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Cross validation — fast computation

e [Golub, Heath, Whaba '79]: for h;; = (L(L*L)"1L*);;,
(SXy) (@) —ui*
1—hi;

1 n
CV(Smy) =—>
i=1

e [Tasche, Weyrich '96]: for the full tensor grid of frequencies and points

Theorem [B., Hielscher, Potts '19]

The above holds for all exact quadrature points, i.e., when

L*L =nI.
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Cross validation — fast computation

e we define the approximated cross-validation score FCV (S Xy)

n

1
FCV(SXy) = - >

i=1

. 2
(Smy)(a’) —yi
1 — hi,

for }NL7‘,_¢ =

3|3

~ hig

Let !, ..., 2" be drawn uniformly random with m < n/(20logn).
Then we have with probability exceeding 1 — 2/n

ML L <l

2 2
and

CV(SXy) —FCV(SXy)| _ _ m/n
CV(SXy) ~ (I=m/n)*’
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Numerical example

e approximation of By from n = 30 points and noise level o2 = 0.01

m =2

S

If = S yllf, = 0.13943
CV(SXy) =0.12856
FCV(SXy) = 0.12831

m="17

m = 29

e
i
v ™

If = Syll7, = 0.00343
CV(SXy) =0.01160
FCV(SZXy) =0.01160

If = Sxyll7, = 10.3526
CV(SXy) =1.6295-10°
FCV(SXy) = 0.79503
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Numerical example

e approximation of By from n = 300 points and noise level 02 = 0.01

— F—-SXyl3,

— CV(SXy)—o°

—  FCV(SXy) —o?

Ll

10t 102
polynomial degree m

L
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Numerical example

e approximation of By from different number of points and noise level o2 = 0.01

10-3 ) .
If = SX.yll7, with m* = argmin,,, |[f — SXyl7,

M|

If = SXiyll7, with m* = argmin,,, CV(SXy)

L

_ _92s 3
n 25T for s = 3

102 103 10*
number of points n
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